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1. 
1.  Introduction and Weak Problem
I n  t h i s  p a p e r  w e  d e r i v e  G a l e r k i n  s o l u t i o n s  w i t h  e r r o r  b o u n d s    
f o r  t w o  d imens iona l  e l l ip t ic  p roblems involv ing  boundary  s ingular i t i es  
f o r  t h e  c a s e  i n  w h i c h  t h e  g o v e r n i n g  e q u a t i o n  i s  P o i s s o n ' s  e q u a t i o n   
a n d  t h e r e  a r e  D i r i c h l e t  b o u n d a r y  c o n d i t i o n s .  I n  s u c h  p r o b l e ms  t h e  
f u n c t i o n  u ( x , y )  s a t i s f i e s  
-∆ [ u ( x , y ) ]  =  g ( x , y )  ,  ( x , y )  Ω∈ ,      ( 1 . 1 )  
u ( x , y )  =  f ( x , y )  ,  ( x , y )  ,Ω∂∈      ( 1 . 2 )  
where for our case 2E⊂Ω  is a simply connected open domain with 
polygonal boundary ∂Ω, f ∈  L2(∂Ω) and g ∈  L2(Ω). The Laplaoian 
operator in (1.1) could be replaced by a general  second order l inear 
s e l f - a d j o i n t  e l l i p t i c  o p e r a t o r .  
 Many finite element solutions with theoretical error bounds 
have  been  der ived  for  problems of  the  type  (1 .1)  - (1 .2) .  However ,  
these bounds demand that  specif ic  der ivat ives  of  u  be bounded 
throughout Ω ,  the closure of Ω .  When the boundary ∂Ω  contains 
corners  wi th  ce r ta in  in te r io r  ang les ,  fo r  example  re -en t ran t  corners ,  
t h e  s o l u t i o n  u  c o n t a i n s  a  s i n g u l a r i t y  a n d  t h e s e  c o n d i t i o n s  a r e  n o t  
sa t i s f ied .  This  shor tcoming was  f i r s t  overcome by  Fix  (1969)  for  
self-adjoint l inear second order ell iptic problems with homogeneous 
boundary conditions where Ω  is a rectangular domain having a re-entrant 
corner  o f  in te r io r  ang le  3π /2 .  F ix  uses  rec tangu la r  e lements  and  
constructs approximations from spaces of piecewise polynomials 
augmented  wi th  func t ions  having  the  form of  the  s ingular i ty .  He  i s  
thus  able  for  his  problem to obtain a  bound on the f ini te  e lement  error  
using the tensor product results of Birkhoff, Schultz and Varga (1968).  
Adopting a similar approach we here produce an 0(h) error bound using 
piecewise linear approximation over triangular elements for the problem
2. 
(1 .1)  -  (1 .2)  which  has  a  more  genera l  shaped  boundary  and  
nonhomogeneous  boundary  condi t ions .  
The weak problem corresponding to (1.1) - (1.2) is the fo l lowing:  
f ind  u∈  ψ  + (Ω )  such  tha t  12W
o
),(Wv)v,g()v,u(a
1
2 Ω∈= ∀ o     (1 .3)  
where ψ =f on ∂Ω and .)(W
1
2 Ω∈ψ  The space )(W12 Ω  is the Sobolev 
space  of  func t ions  which  toge ther  wi th  the i r  f i r s t  genera l i sed  
derivatives exist and are in L2(Ω), WHEREAS  is the subspace )(W
1
2 Ωo
of these functions which assume homogeneous Dirichlet boundary 
values. The notation u∈  ψ + (Ω) means that u = ψ + v where 12W
v∈ (Ω). Thus u 12Wo ∈
1
2W (Ω) and u = f on ∂Ω . The bilinear 
func t iona l  a (u ,v)  i s  def ined  to  be  
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The  energy  norm (semi  norm)  for  (1 .4)  i s  
 ( )21)v,v(aEv = .        (1 .5)  
T h e  s o l u t i o n  o f  ( 1 . 3 )  i s  t h e  g e n e r a l i z e d  s o l u t i o n  u  o f        
(1 .1) - (1 .2)  and  u  i s  approximated  by  the  Galerk in  approximat ion  U.  
 
2 .  Galerk in  Techniques
 The  reg ion  Ω  i s  d i sc re t ized  in to  t r iangular  e lements  wi th  
gener ic  length  h  so  tha t  there  a re  m in te rna l  and  n  boundary  nodes .  
We consider piecewise l inear approximations.  Following Barnhill  
and Gregory (1972) we let 
m
1i)}y,x(iB{ = and  be two 
n
1j
y)}(x, {Cj =
sets  of  funct ions that  are  bior thonormal  (see Davis  (1963))  
w i t h  r e s p e c t  t o  t h e  e v a l u a t i o n s  a t  t h e  n o d e s .  T h a t  i s ,  t h e  B i ( x , y )  
3. 
h a v e  z e r o  b o u n d a r y  v a l u e s  a n d  ,mk,i1,ik)ky,kx(iB ≤≤δ=  
f o r  t h e  i n t e r n a l  n o d e s ,m 1k)}ky,kx{( =  w h e r e  C j ( x , y )  a r e  z e r o  
a t  a l l  t h e  i n t e r i o r  n o d e s  a n d  C j ( x m + p ,y m + p ) ,np,j1,p,j ≤≤δ=  
for the boundary nodes {(xm+p, ym+p)}  The B.1np= i and Cj are thus 
p y r a mi d  f u n c t i o n s .   
 We define fS ⊂  to be the set of all functions s(x,y) )(2Whh
1 Ω+ o
o f  t he  fo rm 
 ∑=+∑==
n
1j
,)y,x(jC
h
jf
m
1i
)y,x(iBiA)y,x(s      (2.1) 
w h e r e  i n  ( 2 . 1 )  t h e  A i  a r e  c o n s t a n t s  t o  b e  f o u n d  a n d  t h e  hjf  a r e                    
the  d i scre t ized  boundary  da ta .  We le t  S ho  be  the  m-dimens iona l  
subspace of  generated by the B)(W12 Ω
o
i .   
T h e  G a l e r k i n  me t h o d  i s  :  
f i nd  U∈  S h  s u c h  t h a t  
a (U ,V)=  (g ,V)       .SV ho∈∀      ( 2 . 2 )  
Lemma The Galerkin approximation U is the best approximation  
to the generalized solution u of (1.3) from Sh in the energy 
n o r m ( 1 . 5 ) .  
P roof  Equa t ion  (2 .2 )  ho lds  fo r  V= Bk ,  k  =  1 ,2 , . . . ,  m and  so ,  
a f t e r  subs t i tu t ion  f rom (2 .1 )  fo r  U ,  the  equa t ions  fo r  the  
ca lcu la t ion  o f  the  A i  a re  
∑= ∑=−=
m
1i
n
1j
,)kB,jC(a
h
jf)kB,g()kB,iB(aiA     ( 2 . 3 )  
       k=  1 , 2 , …,  m.  
S u b s t i t u t i o n  o f  a ( u , B k )  =  ( g , B k ) ,  k  =  1 ,2 ,…,  m f r o m ( 1 . 3 )  
into (2.3) produces the normal equations for the best approximation U. 
T h a t  i s  
  ∑=−=∑=
n
1j
)kB,jC
h
jfu(a)
m
1i k
B,iB(aiA   k=1,2,…,  m, 
 
     s e e  D a v i s  ( 1 9 6 3 ) .  H e n c e  
 a ( u - U ,  u - U )  ≤  a ( u - w ,  u - w )   hSw∈∀          ⁄⁄ ( 2 . 4 )  
I f   i n t e r p o l a t e s  u  a t  t h e  m+ n  n o d a l  p o i n t s ,  hSu~ ∈
t h e n  ( 2 . 4 )  i mp l i e s  t h a t  
   EE ||
~uu||Uu −≤−       ( 2 . 5 )  
a n d  s o  a n  u p p e r  b o u n d  o n  t h e  i n t e r p o l a t i o n  e r r o r  y i e l d s  a n     
u p p e r  b o u n d  on  t he  Ga l e r k i n  e r r o r .  
Bounds  on  the  r igh t  hand  s ide  o f  (2 .5 )  can  be  ob ta ined  f rom 
T h e o r e m  5  o f  C i a r l e t  a n d  R a v i a r t  ( 1 9 7 2 ) .  I n  o r d e r  t o  q u o t e     
t h i s  t h e o r e m  w e  d e n o t e  t h e  i n t e r p o l a n t  ~ b y  πu ,  w h e r e  π  i s  t h e  u
l i n e a r  o p e r a t o r  c o r r e s p o n d i n g  t o  p i e c e w i s e  l i n e a r  i n t e r p o l a t i o n  
o v e r  t h e  t r i a n g u l a t i o n .  
T h e o r e m ( C i a r l e t  a n d  R a v i a r t ) .  
Le t  Ω  and  π  be  def ined  as  above  and  ρ  = sup{diameter  of  a l l   
c i r c l e s  t h a t  c a n  b e  i n s c r i b e d  i n  t h e  t r i a n g l e s  o f  t h e  t r i a n g u l a t i o n s ] ,  
t h e n  u   i mp l i e s  t h a t  t h e r e  e x i s t s  a  c o n s t a n t  K  s u c h  t h a t  )(22W Ω∈
  ,2|u|
2hK)(12w||uu|| ρ≤Ωπ−       ( 2 . 6 )  
w h e r e  
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P r o o f  I n  t h e  n o t a t i o n  o f  C i a r l e t  a n d  R a v i a r t  w e  l e t  m  =  1  a n d   
 1 = 2 ,  a n d  n o t e  t h a t  o u r  π  i s  a  b o u n d e d  l i n e a r  o p e r a t o r  f r o m 
  to  such that πp = p whenever p is a polynomial of )(Ω
2
2W )(Ω
1
2W
 degree 1.  The operator π  is  bounded since by the Sobolev i mbe dd i ng  
 t h e o r e m  i s  i mb e d d e d  i n  C ()(2W Ω2 Ω ) .    ⁄⁄  
   S i n c e    
,)(2
1W||
~uu||E||
~uu|| Ω−≤−  
              5. 
 
i t  f o l l o w s  f r o m ( 2 . 5 )  a n d  ( 2 . 6 )  t h a t  
  .2|u|
2hKE||Uu|| ρ≤−        ( 2 . 7 )  
We  a s s u me  t h a t  h i /ρ i  ≤  α  fo r  some  f i xed  α ,  w h e r e ,  a s  t h e    
m e s h  i s  r e f i n e d , { h i } i s  a  s e q u e n c e  o f  v a l u e s  o f  h  a n d  t h e  { ρ i }   
a r e  t h e  c o r r e s p o n d i n g  v a l u e s  o f  ρ ;  i . e .  t h e  t r i a n g u l a t i o n s  f o r m a  
regu la r  fami ly  ( see  Cia r l e t  and  Rav ia r t  p .174) .  Wi th  th i s  a ssumpt ion  
( 2 . 7 )  y i e l d s  a n  0 ( h )  e r r o r  b o u n d .  
3 .  B o u n d a r y  S i n g u l a r i t i e s
 I n  o r d e r  t o  u s e  t h e  b o u n d  ( 2 . 7 )  w e  n e e d  u .  I f  ∂Ω  i s  )(
2
2W Ω∈
s u f f i c i e n t l y  s m o o t h ,  a n d  f ( x , y )  i s  s u f f i c i e n t l y  w e l l  b e h a v e d ,  
t h i s  c o n d i t i o n  i s  s a t i s f i e d .  H o w e v e r ,  i f  t h e  b o u n d a r y  c o n t a i n s  a  
c o r n e r  a t  w h i c h  t h e  i n t e r n a l  a n g l e  π/γαπ/β ==φ  i s  s u c h  t h a t  e i t h e r  
  ( i )     l / γ  <  1  a n d  t h e  n u mb e r  y  i s  n o n - i n t e g e r ,  
o r  
  ( i i )     l / γ  > 1  i n  w h i c h  c a s e  t h e  c o r n e r  i s  r e - e n t r a n t ,  
t h e n  ,2][2W
1][
2Wu
+−+∈ γγ  w h e r e   [ γ ]  i s  t h e  g r e a t e s t  i n t e g e r  ≤  γ .  
I n t e r e s t i n g  c a s e s  o c c u r  w h e n  πφ > ,  s o  t h a t   a n d  ,)(22W)(
1
2Wu Ω−Ω∈
w e  c o n s i d e r  o n l y  t h e s e .  S u p p o s e  t h e r e  i s  a  r e - e n t r a n t  c o r n e r  a t    
a  p o i n t  0  o n  ∂Ω  a n d  t h a t  f ( x , y )  =  0  o n  t h e  a r m s  o f  t h e  c o r n e r .  
T h e n  i n  t e r m s  o f  l o c a l  p o l a r  c o - o r d i n a t e s  ( r , θ )  w i t h  o r i g i n  a t  0  
a n d  z e r o  a n g l e  a l o n g  o n e  o f  t h e  a r m s  o f  t h e  c o r n e r ,  t h e  a s y m p t o t i c  
f o r m o f  u  ma y  b e  w r i t t e n ,  s e e  L e h ma n  ( 1 9 5 9 ) ,  a s  
   u ( r ,θ )  =  ∑         ( 3 . 1 )   
i
,),r(iia θφ
w h e r e  t h e  a i  a r e  u n s p e c i f i e d  c o n s t a n t s .  T h e  s e r i e s  e x p a n s i o n    
c o n t a i n s  p o w e r s  o f  r  w h i c h  a r e  n o n - i n t e g e r ;  e . g .  t h e  l e a d i n g      
t e r m  i s  a 1 r
γ  s i n γθ .  T h e s e  c a u s e  a  b o u n d a r y  s i n g u l a r i t y  i n  u  a t  0  
6. 
 i n  t h a t  ∂u /∂ r  i s  u n b o u n d e d  a t  r  =  0  a l t h o u g h  .  )(
2
2W)(
1
2Wu Ω−Ω∈
Following Fix (1969) and Barnhill  and Whiteman (1973) the domi na n t  
p a r t  o f  t h e  s i n g u l a r i t y  i n  u  i s  s u b t r a c t e d  o f f  i n  a  n e i g h b o u r h o o d  
Ω⊂)1r(N  of 0. Here 0 < r○  < r1, and we define 
 .1,0j},0,jrr0;),r{()jr(N =≤≤≤≤≡ φθθ  
We  f o r m t h e  f u n c t i o n s  
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−∈
∈
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),1r(N),r(,0
),or(N)1r(N),r(),(ih)r(ig
)or(N),r(,),r(i
),r(iw
Ωθ
θθ
θθφ
θ    ( 3 . 2 )  
i  =  1 , 2 , . . . , N ,  w h e r e  N  i s  d i s c u s s e d  b e l o w  a n d  t h e  iφ  a r e  
as  in  (3 .1) .  The gi(r )  are  cubic  Hermite  polynomials  chosen 
so that  each function wi(r ,θ)  is  in )).r(N(
2
2W o−Ω  The hi(θ)   are 
appropriate functions so that the wi all  satisfy the homogeneous 
boundary condi t ions on the arms of  the corner .  Using (3.2)  we form 
t h e  f u n c t i o n  
    ∑
=
−=
N
1i
,),r(iwiauw θ      ( 3 . 3 )  
and  choose  N so  tha t  w would  be  in   i f  the  a)(
2
2W Ω 1 ,  were  known 
e x a c t l y .  I t  i s  t h e  f u n c t i o n  w  t h a t  i s  a p p r o x i m a t e d  t h r o u g h o u t  Ω     
b y  t h e  G a l e r k i n  s o l u t i o n  U ,  a n d  c l e a r l y  i f  t h e  a i  a r e  k n o w n ,  
m a k i n g  w∈  t h e  e r r o r  b o u n d  ( 2 . 7 )  w i l l  t h e n  a p p l y .  H o w e v e r ,  )(22W Ω
t h e  a i  c a n n o t  b e  c a l c u l a t e d  e x a c t l y .  I n  p r a c t i c e  a p p r o x i m a t i o n s    
a r e  c a l c u l a t e d  b y  t h e  m e t h o d  o f  a u g m e n t i n g  w i t h  s i n g u l a r  f u n c t i o n s  
t h e  t r i a l  f u n c t i o n  s p a c e  i n  t h e  G a l e r k i n  p r o c e d u r e .  T h i s  i s  d e n o t e d  
by Aug S
h
. In each element the trial functions now have the form  
     ++ bxa ∑
=
+
N
1i
.),r(iwiccy θ
7. 
B y  ( 3 . 2 )  t h e s e  a r e  t h e  u s u a l  t r i a l  f u n c t i o n s  o f  S
h
 f o r  e l e me n t s  
i n  .)1r(N−Ω  E x t r a  e q u a t i o n s  a r e  a d d e d  t o  t h e  l i n e a r  s y s t e m 
w h i c h  w h e n  s o l v e d  g i v e  t h e  G a l e r k i n  s o l u t i o n  ∑
=
∈+
N
1i
Uˆ),r(iwiaˆ θ  Aug  S
h  
a n d  s o  o n l y  a p p r o x i ma t i o n s   t o  t h e  aiaˆ i  i n  ( 3 . 3 )  a r e  o b t a i n e d  f r o m 
t h e  s a me  n u me r i c a l  c a l c u l a t i o n  a s  t h a t  w h i c h  g i v e s  t h e  v a l u e s  o f   a t  Uˆ
t h e  n o d a l  p o i n t s .  
The Lemma of  Sect ion 2 holds  for  Galerkin solut ions f rom Aug S
h
,  
a n d  s o  w e  h a v e  t h e  f o l l o w i n g  t h e o r e m.  
 
T h e o r e m 3 .  
U n d e r  t h e  a b o v e  c o n d i t i o n s  o n  u  a n d  N  
 ∑∑
=
−≤
=
+−
N
1i
,2|iwiau|KhE||)
N
1i
Uˆiwiaˆ(u||  
w h e r e   i s  t h e  G a l e r k i n  a p p r o x i m a t i o n  t o  u  f r o m   ∑
=
+
N
1i
Uˆiwiaˆ
Aug Sh and the a i ,  are  the coeff ic ients  in  the asymptot ic  expansion (3.1) .  
Proof The Best Approximation Lemma applied to Aug Sh implies that  
 ∑ ∑
= =
=−≤+−
N
1i
N
1i
,E||
~uiwiau||E||)Uˆiwiaˆ(u||  
w h e r e   i n t e r p o l a t e s  hS~u ∈ ∑
=
−
N
1i
iwiau a t  t h e  m+ n  n o d a l  p o i n t s .  
B y  t h e  C i a r l e t - R a v i a r t  t h e o r e m i t  f o l l o w s  t h a t  
 ∑∑
=
−≤−
=
−
N
1i
,2|iwiau|KhE||
~u)iw
N
1i
iau(||      
s o  t h a t  w e  t h u s  h a v e  a n  0 ( h )  e r r o r  b o u n d .      //  
 A s  w a s  s t a t e d  e a r l i e r  F i x  u s e s  r e c t a n g u l a r  e l e me n t s  a n d  b i l i n e a r  
t r i a l  f u n c t i o n s .  A n  a d v a n t a g e  o f  o u r  u s e  o f  t r i a n g u l a r  r a t h e r  t h a n  
r e c t a n g u l a r  e l e me n t s  w i t h  t h e  c o r r e s p o n d i n g  t r i a l  f u n c t i o n s  i s  t h a t  t h e  
c o mp u t a t i o n  i s  muc h  s i mp l e r  w h i l s t  t h e  a c c u r a c y  o f  t h e  n u me r i c a l  
s o l u t i o n s  i s  c o mpa r a b l e .  T h i s  s a v i n g  i s  e v e n  mor e  v a l u a b l e  fo r  h i g h e r  
o r d e r  p r o b l e ms .  T h e  u s e  o f  t r i a n g u l a r  e l e me n t s  a l s o  e n a b l e s  t h e  me t h o d  
8 .  
 
 t o  b e  u s e d  f o r  p r o b l e ms  i n  mor e  g e n e r a l  p o l y g o n a l  r e g i o n s .  
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